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¥12.% THSCONTINUITY FUNCTIONS
The method of integration, used to find the equation of the elastic curve

for a beam or shaft, is convenient if the load or internal moment can be
am’s entire length.

expressed as a conuNUOUS function throughout the be
1f several different loadings act on the beam, however, the method
becomes more tedious to apply, because separate loading or moment

functions must be written for each region of the beam. Furthermore,

integration of these functions requires the evaluation of integration
constants using boundary conditions and/or continuity conditions. For
example, the beam shown in Fig. 12-14 requires four moment functions
to be written. They describe the moment in regions AB, RC, CD, and

DE. When applying the moment-curvature relationship, ET dvldx? = M,

and integrating each moment equation twice, we must evaluate eight
constants of integration. These involve mwo boundary conditions that

require zero displacement at points A and E, and six continuity condi-

tions for both slope and displacement at points B, C, and D

In this section we will discuss a method for finding the equation of
the elastic curve for a multiply loaded beam using a single expression,
either formulated from the loading on the beam, w = w(x), or the beam’s
internal moment, M = M(x). If the €Xpression for w is substituted into.
EJ d*widx® = —w(x) and integrated four times, or if the expression for —
M is substituted into EI d%ldx* = M(x), and integrated twice, the
constants of integration will be determined only from the boundary
conditions. Since the continuity equations will not be involved, the analy-

sis will be greatly simplified.

Discontinuiry Funtuons. In order to express the load on the beam
or the internal moment within it using a single expression, we will use
two types of mathematical operators known as discontinuity functions.
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Loéding

Loading Function
w=w{x)

Shear V= —fw(x)dx

Moment M=]Vix

W= Mgﬂﬂ>_2

597

V=-My<a>t | M=-My<ea?

1 M =-P<—a>

w = P-a>" V= -Pox—g>0

w = wy<—a>? V=—wy<x—a>! | M= Wocx—a>*
2

. —n
W = m<x—a>t V=S laa? M =%”<_x—a>3

. Tabje 12-2
Macaulay Furctions. For purposes of beam or shaft deflection,
Macaulay functions, named after the mathematician W, H. Macaulay,
are used only to describe distribured loadings. They can be written in s
general form as i

A=l ey forxza (12-11)

i na 0 .ot P : E _. .‘ ‘
T 1o 1

Here x represents the coordinate position of a point along the beam and
a i the location on the beam where a “discontinuity” occurs, namely the
point where a distributed loading begins. Note that the Macaulay func-
tion {x — a)" is written with angle brackets to distinguish it from the
ordinary function (x — a)", written with parentheses. As stated by the
equation, only when x = a is {x ~ a)* = (x — a)", otherwise it is zero.
Furthermore, these functions are valid only for exponential values n = 0.
Integration of Macaulay functions follows the same rules as for ordinary
functions, i.e,,

.\ _<X“a>"+1
[ amara- ot

Note how the Macaulay functions describe both the uniform load
wo {n = 0) and triangular load (n = 1), shown in Table 12-2, items 3 and
4. This type of description can, of course, be extended to distributed load-
ings having other forms. Also, it is possible to use superposition with the
uniform and triangular loadings to create the Macaulay function for a
trapezoidal loading. Using integration, the Macaulay functions for shear,
V = — [w(x) dx, and moment, M = [V dx, are also shown in the table.

+C (12-12)
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Fig. 12-16

Singularity Funetions. These functions are used only to describe the
point location of concentrated forces or couple moments acting on a
beam or shaft. Specifically, a concentrated force P can be considered as
a special case of a distributed loading, where the intensity of the load-
ing is w= Ple and its width is €, where e— 0, Fig. 12-15. The area
under this loading diagram is equivalent to P, positive downward, and
so we will use the singularity function '

(12-13)

to describe the force P. Note that here n = —1 so that the units for w
are force per length, as it should be. Furthermore, the function takes on
the value of P only at the point x = a-where the load oceurs, otherwise
it is zero.

In a similar manner, a couple moment Mg, considered positive
counterclockwise, is a limitation as e — 0 of two distributed loadings as
shown in Fig. 12-16. Here the following function describes its value.

(12-14)

The exponent n = —2, in order to ensure that the units of w, force per

length, are maintained.
Integration of the above two singularity functions follows the rules

of operational calculus and yields resuits that are different from those of
Macaulay functions. Specifically,

{ J(x _*;)n:(x —a)”"‘lj n : w—l, _2

(12-15)

Here, only the exponent r increases by one, and no constant of inte-
gration will be associated with this operation. Using this formula, notice
how M, and P, described in Table 12-2, items 1 and 2, are integrated
once, then twice, to obtain the internal shear and moment in the beam.

Application of Egs. 12-11 through 12-15 provides a rather direct
means for expressing the loading or the internal moment in a beam as
4 function of x. When doing so, close attention must be paid to the signs
of the external loadings. As stated above, and as shown in Table 122,
concentrated forces and distributed loads are positive downward, and
couple moments are positive counterclockwise. If this sign convention is
followed, then the internal shear and moment are in accordance with
the beam sign convention established in Sec. 6.1. :
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As an example of how to apply discontinuity functions to describe
the loading or internal moment in a beam, we will consider the beam
loaded as shown in Fig. 12-17a. Here the reactive force R; created by
the pin, Fig. 12-175, is negative since it acts upward, and My is negative
since it acts clockwise. Using Table 12-2, the loading at any point x on
the beam is therefore,

w=~Rilx — O~ + P{x — af’ — Mylx — a&)™% + wylx — ¢)0

A =;=>%‘¥

L
. . . . . 1
The reactive force at the roller is not included here since x is never @
greater than L, and furthermore, this value is of no consequence in com- ’
puting slope or deflection. Note that when x = g, w = P, all other terms ' P

being zero. Also, when x > ¢, w = wa, etc. :

Integrating this equation twice yields the expression that describes
the internal moment in the beam. The constants of integration will be
ignored here since the boundary conditions, or the end shear and
moment, have been calculated (V = R; and M = 0) and these values are
incorporated into the beam loading w. One can also obtain this result
directly from Table 12-2. In either case, ()

M= Rilx — 0) ~ Plx — a) + Molx — )’ — dwofx — ¢ (12-16)
F The validity of this expression may be checked by using the method of
i sections, say, within the region » < x < ¢, Fig. 12-17b. Moment equilib-
f rinm requires that .
g M=Rix —P(x —a) + My - (1217 ‘
¢ ” This result agrees with that obtained from the discontinuity functions, o & KN/m

since by Egs. 12-13 and 12-15 only the last term in Eq. 12-16 is zero
whenx < ¢

As a second example, consider the beam in Fig. 12-184. The sup-
portreaction at A has been computed in Fig. 12-18b, and the trapezoidal
loading has been separated into triangular and uniform loadings. From
Table 12-2, the loading is therefore &)

st
e

W= —225kNx - 0! — LSKN -m(x — 3 m)~2 + 3 kN/m(x — 3 m)® + 1(x ~ 3 m}?

We can determine the moment expression directly from Table 12-2,
rather than integrating this expression twice. In either case,

M =225 KNGz — Y + 1.5 kN-m(x—z,m)O—ingfE(x—s‘m)Zm%(x_—3m)3

i
=225x - 1.5 - 1.5(x - 3)? - E(x - 3)

- The slope and deflection of the beam can now be determined after this I
3m ! 3m

equation is integrated two successive times and the constants of inte- iy v 1
E« gration are evaluated using the boundary conditions of zero displace- * (b) v
ment at A and B. ‘ Fig. 1218
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8 kN/m

12N EXAMPLE }12

Determine the equation of the elastic curve for the cantilevered beam
shown in Fig. 12—19a EI is constant.

SOLUTION

5m T 4m _
Elastic Curve. The loads cause the beam to deflect as shown in Fig. ;

@ - 12-19a. The boundary conditions reqmre zero slope and displacement i

Fig. 12-19 at A. . :
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Loading Function. The support reactions at A have been calculated
by statics and are shown on the free-body diagram in Fig. 12-195.

Since the distributed loading in Fig. 12-19a does not extend to C as (,
required, we can usc the superposition of loadings shown in Fig. Q

12-19b to represent the same effect. By our sign convention, the
50-kN - m couple moment, the 52-kN force at A, and the portion of
distributed loading from B to C on the bottom of the beam are all
negative. With reference to Fig. 12-195, the beam’s loading is there- -
fore _
w= =52 kN{x — 0)~! + 258 kN - m(x — 0)~2 + 8 kN/m(x — 0)°

— 50 kN - m{x — 5 m)~2 — 8 kN/m{x — 5 m)®
The 12-kN load is not included here, since x cannot be greater than

9 m. Because dv/dx = —w(x), then by integrating, neglecting the con-
stant of integration since the reactions are mcluded in the load func-

tion, we have
V' =52(x ~ 0)° — 258(x — 0)~1 — 8{x — O)! + 50(x — 5)_1 + 8{x — 5_)1
Furthermore, dM/dx = V, so that mtegratmg again yleids

258 kN-m 8 kN/m {

@)

= —258(x — 0)° = {(=52)x — 0) - —(8)(x — 0y — *( 8)x — 5)2 — (= 50)<x - 50

= (—258 + 52x — 4x® + 4x — 5% + 50(x — ) kN -m

This same result can be obtained directly from Table 12-2.

* Slope and Elastic Curve.  Applying Eq. 12-10 and integrating twice,

we have

d*
A
EI% = —258x + 26x% — %ﬂ + %OC =57+ 500 = 5+

= —258 + 52x — 42 + 4{x — 5)% + 50(x — 5)°

Ely = —129x% + %6"}63 - %x“ + %—(x ~ 5+ 25(x — 52+ Cix + Cy

Since dv/dx = Qatx=0,C;=0;andv=0atx =10, s0 G = 0. Thus,

1 2 264 1,1 )
==- + 203 -y - 5+ 25(x — 5)2 7.
2 EI( 129x e _3x4 3 x—5*+25x—5%|m  Ans

Note: If we did not use discontinuity functions, two x coordinates
would be needed for regions AB and BC, and the problem would
require evaluating two more constants of integration involving the
continuity of slope and displacement at point B.




